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Abstract. An open set in C™ is pseudoconvex if and only if its intersection 
with every affine subspace of complex dimension two as seen as an open set in 
C 2 is pseudoconvex. 



1. Introduction 

It is well known that complex analysis in several variables differs significantly 
from complex analysis in a single variable. The zeroes of a nonconstant holo- 
morphic function of a single variable are always isolated, whereas the zeroes of a 
holomorphic function in several variables are never isolated. In one dimension the 
Riemann Mapping Theorem says that every simply connected bounded open set is 
biholomorphic to the unit ball, whereas in several dimensions this is not the case. 
In one dimension any open set supports a holomorphic function which cannot be 
holomorphically extended beyond any boundary point, whereas this is not always 
the case in several dimensions. An open set that does support such a function is 
pseudoconvex. 

In several complex variables some phenomena can be understood using one- 
dimensional techniques. For example, a function is holomorphic in C" if it is 
holomorphic on every one-dimensional affine subspace, that is, on every complex 
line, by Hartogs's Theorem. Properties which cannot be detected using only one- 
dimensional data are in a sense more central to the study of several complex vari- 
ables. For example, the notion of pseudoconvexity plays a central role in complex 
analysis in several variables. Pseudoconvexity cannot be detected by taking one- 
dimensional slices of an open set in C™ for n > 2, because, as noted above, every 
one-dimensional slice is pseudoconvex in C. 

But how dependent is the notion of pseudoconvexity on dimension? Is it true 
that an open set in C n is pseudoconvex if and only if its intersection with every two- 
dimensional affine subspace is pseudoconvex? Surprisingly, the affirmative answer 
to this question seems to be absent from the literature on the subject. 

Theorem 1.1. An open set Q C C" is pseudoconvex if and only if the intersection 
of fl with every affine subspace of complex dimension two as seen as a set in C 2 is 
pseudoconvex. 
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2. Background and Notation 

We begin with a few classical characterizations of pseudoconvex open sets. (For 
more on characterizing pseudoconvex sets see pQ.) Let £1 be an open set in C n . 
The following are equivalent: 

(1) There exists a holomorphic function on £1 which cannot be extended holo- 
morphically past any boundary point of Q. A domain (i.e., a connected 
open set) satisfying this property is often called a domain of holomorphy. 

(2) For any family of holomorphic maps of the unit disc in C into £1, if the 
images of the boundaries of these maps are all contained in a single compact 
subset of £1, then the whole of the images of the maps are also contained 
in a single compact subset of £1. This property is often referred to by the 
German word Kontinuitatssatz, meaning literally continuity theorem. 

We say that £1 has C 2 boundary if there exists a C 2 defining function for £7, that 
is, a twice continuously differentiable function p: C" — > R such that £1 = {z £ C" | 
p{z) < 0}, dtl = {z£ C" p(z) = 0}, and V p{M) ^ for all M £ dCl. In this case, 
the following is also equivalent to the above. 

(3) If p: C™ — > R is a C 2 defining function for £1 then for every point M in the 
boundary of £1, 

n „2 

for every Z £ C" satisfying 




This property is called Levi pseudoconvexity after the Italian mathemati- 
cian Eugenio Elia Levi. The left-hand expression in the first displayed in- 
equality is known as the Levi form, while vectors Z £ C" satisfying the sec- 
ond displayed equation are called complex tangent vectors at the point M . 
We denote by Tm (dil) the set of all complex tangent vectors at M. This 
property says that the Levi form is nonnegative on the boundary of £1. 

From the point of view of Property 1, Theorem 11.11 savs that if for each two- 
dimensional slice of £1 there exists a holomorphic function on the slice which cannot 
be extended beyond any boundary point of the slice, then there exists a holomorphic 
function on £1 which cannot be extended past any boundary point of £1. From this 
perspective it is not at all clear why such a theorem should exist. 

Let us establish some notation. If a,b,c £ C" with b and c linearly independent 
over C, then denote by h = h(a,b,c) := {a + bwi + cw 2 | (wi,W2) £ C 2 } the 
complex affine subspace of complex dimension two determined by a, b, and c. Define 
(f>: C 2 — > C ra by 4>{wi, W2) = a + bw\ +cw 2 for all (wi,w 2 ) £ C 2 (where a, b, c define 
h and are clear from context). For any set £1 C C", define £1^ := </> _1 (£l), the slice 
of f2 by h viewed as a set in C 2 . For any function /: C n — ► C, define f^: C 2 — > C 
by hi ■= f ° <t>- 
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3. PSEUDOCONVEXITY OF THE OPEN SET IMPLIES PSEUDOCONVEXITY OF EVERY 

SLICE 

It is easy to show that every intersection with a two-dimensional affine subspace 
of a pseudoconvex open set is pseudoconvex. One way is to use the Kontinuitatssatz 
in the following way. Let f2 C C™ be a pseudoconvex open set and fix some h — 
h(a, b, c) as in the previous section. We assume without loss of generality that 
=/= 0. Let {d a } a £A be a family of analytic discs in Qh such that U ae A<9d a is 
contained in a compact subset of Qh- Observe that {4> o d a } a ^A is a family of 
analytic discs in such that U aeJ 4 c>(</> o d a ) is contained in a compact subset of f2. 
Since is pseudoconvex, \J a ^A4>°d a is contained in a compact subset of £1. Hence, 
U a £Ad a is contained in a compact subset of fi/,. 

The other direction in Theorem 11.11 takes more work. 



4. The case that Q has C 2 boundary 
We begin with the special case of fl having C 2 boundary. 

Theorem 4.1. Let fl C C™ be an open set with C 2 boundary. If each slice offl by 
a complex affine subspace of complex dimension two is pseudoconvex when viewed 
as a set in C 2 , then Q, is pseudoconvex. 

To prove this we first prove a lemma which tells us when a C 2 defining function 
in C™ induces a C 2 defining function on an two-dimensional affine subspace. 

Lemma 4.2. Let Q, C C" be an open set with C 2 boundary and let p be aC 2 defining 
function for O. Let h(a, b, c) be a complex affine subspace such that flh C C 2 is 
nonempty. Let p E dflh- If either b or c is not complex tangent to Q at then 
£lh has C 2 boundary in a neighborhood of /i with C 2 defining function ph ■ 

Proof of Lemma \4-S\ Let p E dQh- Observe that ph is defined in a neighborhood 
U of p. That ph is C 2 in U is clear from the chain rule. Also, by construction we 
have U C\Vl h = {w £ U \ Ph{w) < 0}. It remains to check that the gradient of 
Ph is nonzero on U PI dQh- What we need to show is that either the wi derivative 
or the W2 derivative of p(a + bw\ + CW2) is nonzero at (j)(p). These derivatives are 
E-f=i §§~bj an d Y^j=i §§~ c j respectively, and by hypothesis one of these derivatives 
is nonzero. This proves the lemma. □ 

Proof of Theorem \4-l\ Our strategy will be to show that £1 is Levi pseudoconvex, 
that is, that the Levi form is nonnegative on the boundary of fi. Let p be a C 2 
defining function for tt. Let M E dfl and let Z E Tm{dil). Choose po E f2 such 
that M — po is orthogonal to TM(dil). Let a — po, b — M — po, and c = Z and 
consider h(a,b,c). Observe that b and c are linearly independent over C and that 
b g" TM(dil). Hence ph is locally a C 2 defining function for £lh near _1 (M) by 
Lemma|H Let p := </f -1 (M). Define ( as C := _1 (po + Z) - 4>~ l {po) = (0, 1). 
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We now check that £ € T^{dVlh). We compute by the chain rule: 

2 

dz.; 



\-^dp h dp h d(p o 4>) 

E — Mb = q^) = ^r— (m) 



E 

k=l 



dw 2 



dp 



fe=i 



dz k 



<9w 2 



9p 



<9</> 



9^2 



= E^(^))^ = E^w^ = o- 



fe=i 



Hence C e %{dn h ). 

Now, p/i is a defining function for near /x, and by hypothesis flh is pseudo- 
convex, so 



o^E 



d 2 Ph 



j,k=i 



dwjdwk 



d 2 ^ 



dw2du>2 



d 2 (po& 
dw2dw2 



(M)= E 



d 2 p 



■(</>(fJ,))ctCn 



E 



9 2 p 



which proves the theorem. 



dzgdz 



l —{M)Z t Z ri 



□ 



Remark 4.3. The preceding proof shows something slightly stronger than Theo- 
rem 14.11 if Vi has C 2 boundary near a point of nonpseudoconvexity M € d£l then 
there is a slice tth of f2 such that ft, contains M and fJ^ is not pseudoconvex. 



5. The General Case 

Theorem 5.1. Let C C" be an open set. If each slice of fl by a complex afjine 
subspace of complex dimension two is pseudoconvex when viewed as a set in C 2 , 
then is pseudoconvex. 

Proving Theorem 15.11 will complete our proof of Theorem 11.11 
We will prove the contrapositive. The idea of the proof is that if our open set 
is not pseudoconvex, we can find a point of nonpseudoconvexity on the boundary 
of the open set such that the point is also a point of nonpseudoconvexity of an 
open set with smooth boundary sitting inside the original open set. We then use 
our result for the case of an open set with C 2 boundary to show that there is a 
slice of this smooth open set that is not pseudoconvex. But then there is a slice 
of our original open set such that at a point on the boundary there is an open 
set with smooth boundary contained in the slice with that point as a point of 
nonpseudoconvexity. Thus that slice of our original open set is not pseudoconvex. 
To execute this strategy we will use the following theorem from [SJ p. 240]. 

Theorem 5.2 (Hormander). Let fl be an open set in C n which is not pseudocon- 
vex. Then there is a point M £ dQ, a quadratic polynomial q: C n R, and a 
neighborhood U of M such that q{M) — 0, \?q(M) ^ 0, and whenever q(z) < 
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then z £ f2 for all z £ U , and 

^dq(M) ^ d 2 q(M) — 

/or some Z £ C n . Conversely, f2 is not pseudoconvex if there exists such a polyno- 
mial. 

Proof of Theorem \5.1\ Assume 17 C C™ is a nonpseudoconvex open set. Then there 
is a point M £ <9f2, a quadratic polynomial q: C n — » R, a neighborhood f7 of M, 
and a Z £ C n as in Theorem O Set V := {z £ J7 | g(z) < 0}. By Remark S3] 
there exists an affine subspace h containing M such that Vh is not pseudoconvex at 
<f> {M). By Lemma H21 pn is a defining function for Vh near (f> (M), and p/ t is 
a real- valued quadratic polynomial. By the converse part of Theorem 15.21 we have 
that Qh is not pseudoconvex. □ 
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